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ABSTRACT: The solution structure in polymer solutions polystyrene(PS)-toluene, PS-cyclohexane, natural 
rubber(NR)-benzene, poly(n-butyl acrylate)(PNBA)-toluene, and polyisobutylene(P1B)-n-pentane has been 
determined based on the clustering theory by Zimm and by Kirkwood and Buff, which is expressed by Goo/ijo 
= - ~ l { d ( u o / ~ o ) / d a o } p , T  - 1, where Goo is the clustering function of solvent, 0, is the partial molecular volume 
of solvent, a, is the activity of solvent, and 4o and 41 are the volume fraction of solvent and polymer, respectively. 
Values of Gm/u0 determined in this work are 0.54 for PS-toluene, 10.0 for PS-cyclohexane, 1.67 for NR-benzene, 
0.13 for PNBA-toluene, and 5.0 for PIB-n-pentane. The volume or segment fraction activity coefficients 
of solvent for the polymer solutions are found to be expressed by using the clustering theory ao/6, = A0(4, 
+ p - 1)-8 for the infinite molecular weight of polymer, which is essentially equivalent with that of the 
Huggins-Miller-Guggenheim theory where A,  and p are constants and p is defined by 1 + (Goo/ijo)-'. It is 
also found that the equation of a0/4, obtained in this work explains the concentration dependence of the 
polymer-solvent interaction parameter. 

Introduction 
The Flory-Huggins theory is the most fundamental 

theory in investigating the thermodynamic properties of 
polymer solution where the polymer-solvent interaction 
parameter x is assumed to be independent of concentration 
and inversely proportional to the absolute temperature of 
the solution.' Apart from the configurational entropy term 
of the chemical potential in the theory, the two main as- 
sumptions for the x parameter have been modified through 
the experimental observation of the concentration de- 
pendence of the x parameter and the lower critical solution 
temperature observed in most of the nonpolar polymer 
solutions.1-6 New expressions of x for temperature, 
pressure, and concentration in the corresponding states 
theory by Fl0ry~9~ and PattersongJo predict the upper and 
lower critical solution temperatures and their pressure 
dependen~e~~ , " - '~  and concentration dependence on x.7,sJ4 
On the other hand, Koningsveld and Kleintjens15 proposed 
a closed expression for x with respect to polymer concen- 
tration, which is derived from the free-energy expression 
of the Flory-Huggins theory with a concentration-de- 
pendent function of the polymer-solvent interaction pa- 
rameter. 

The other assumption used in the Flory-Huggins theory 
is the random mixing approximation. One of the earliest 
attempts to include the effect of inhomogeneity on solution 
thermodynamics was that  of Kirkwood and Buff.16 
Zimm17Js developed a simple relation between the activity 
coefficient and the solvent clustering function on the basis 
of the Kirkwood-Buff theory. FixmanIg attempted to 
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determine the free energy by using the concentration-de- 
pendent interacton potentials and radial distribution 
functions. HugginsZ0 derived an equation for the additional 
entropy term to the combinatorial entropy resulting from 
the concentration dependence of the randomness of ori- 
entation. A correlation between the local composition and 
overall mean concentration has been proposed by Renuncio 
and PrausnitzZ1 and Brandani.22 

In this work, we have examined the random mixing 
approximation used in most polymer solution theories 
through determination of the clustering function Goo/.uo 
in the Kirkwood-Buff-Zimm theory. We have also dis- 
cussed a semiempirical equation on the activity coefficient 
of solvent derived in this work on the basis of the Hug- 
gins-Miller-Guggenheim t h e ~ r y , * ~ - ~ ~  the Flory theory of 
corresponding states, and the Koningsveld and Kleintjens 
theory.15 

Semiempirical Determination of Clustering 
Function Based on the Kirkwood-Buff-Zimm 
Theory 

Kirkwood-Buff theory,16 which is given by 
Zimm17 has derived the clustering function based on the 

where K is the isothermal compressibility of the system, 
uo is the partial molecular volume, +i is the volume fraction 
of solvent (0) and polymer (l), a, is the activity of solvent, 
and k is the Boltzmann constant. In this calculation, we 
used two assumptions in determining Goo/oo and the 
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Table I 
Clustering Constants 8, K, and Goo/Vo and x Parameters Determined in  This Work 

PS-toluene 60 2.85 1.54 0.54 2.99 2.98 0.23 
PS-cyclohexane 34 1.10 11.0 10.0 0.105 0.105 1.64 
NR-benzene 25 1.60 2.67 1.67 0.75 0.75 0.57 
PNB A-toluene 23.5 9.00 1.13 0.13 19.8 19.8 0.06 
PIB-n-pentane 25 1.20 6.00 5.00 0.215 0.218 1.15 

systema temp, "C P -K G W / h  In A. P In P E X ?  

a Segment fraction is used in determining these constants except for PS-cyclohexane where volume fraction is used. *Calculated by eq 31. 

. 

equation for the activity coefficient of solvent, a,/#,,. The 
first one is a neglection of the compressibility term in eq 
1, which is very small. Therefore eq 1 is given by 

(2) 

The second one is that Gw/Do is constant over the entire 
concentration, which is expressed by 

GOO/DO = -41 id(aO/4O)/daO)P,T - 1 

41 @(aO/$O)/daO)P,T = K (3) 

where K is a constant. The expression for Gm/Do using eq 
3 is given by 

(4) 

(5) 

Gw/Do = -(K + 1) 

(dao/%J/ao = 41 - 40)/[4o{$o(K + 1) - 111 
The following equation is derived by using eq 3: 

By integrating eq 5 with respect to 40, we obtained 
In (a0/40) = 

or 

i K / ( K  + 1)) In 140(K + 1) - 11 + In C(P,T) (6) 

(7) 

(8) 

(9) 

(10) 

is given by using eq 4 

(11) 

ao/& = C(P,T)Ir$,(K + 1) - 11-K/(K + l) 

ao/4o = Ao(P,T)l$o - 1 + PI-' 

P = K / ( K  + 1) 

Ao(P,T) = CP,T)l1/(1 - P)I-' 

where A. and /3 are defined by 

and 

The relation between Gw/Do and 
and 9 as 

Gw/Do = 1/(P - 1) 

Experimental Determination of the Clustering 
Constant f l  or K Based on the Semiempirical 
Equation 8 

Determination of P or K in eq 8 has been carried out 
using the experimental data for the activity coefficient for 
various polymer solutions such as polystyrene(PS)- 
toluene,26 PS-cyc lohe~ane ,~~  natural rubber(NR)- 
benzene,14 poly(n-butyl acrylate)(PNBA)-toluene,28 and 
polyisobutylene(PIB)-n-pentane.zg These data are ana- 
lyzed by using the segment fraction for these polymer 
solutions except for polystyrene-cyclohexane where the 
volume fraction is used. The segment fraction defined in 
the corresponding states theory is expressed by7v8 

(12) 

where wi is the weight fraction of solvent (0) and polymer 
(1) and u*i8p is the specific characteristic volume reduction 
parameter of component i. We use 4 as a concentration 
for further discussions. Values of in eq 8 are determined 
by 

il.i = ~ i ~ * i , s p / ( ~ o ~ * o , s p  + w l ~ * l , e p )  

In (a0/40) = In AO - P In 140 + P - 11 (13) 

The plots of In ( U ~ / C $ ~ )  vs In I+o + P - 11 are shown in 

0.6 
a. 

- 0.6 -0.2 0.0 0.2 0.4 
0.0 

ln (+o+@- l )  

Figure  1. In (ao/40) vs In (40 + p - 1) plot for natural rubber- 
benzene a t  25 " C  with P = 1.60. Data are taken from ref 14. 

I 
-1.0 -0.5 0.0 

+ B - 1 ) 

Figure  2. In (ao/40) vs In (40 + p - 1) plot for polyiso- 
butylene-n-pentane (0, ref 29) at  25 O C  with fl  = 1.20 and 
polystyrene-cyclohexane (A, ref 27) a t  34 OC with p = 1.10. 

Figures 1-3 where a linearity is observed over the wide 
concentration range within experimental error. Values of 
0, K,  and Gm/Do determined in this work are listed in Table 
I where i t  is shown that Gw/D? values for these polymer 
solutions are positive, suggesting that the mean number 
of solvent molecules in excess of the mean concentration 
in the neighborhood of a given solvent molecule charac- 
terized by 4oGw/~030 is positive and increases with in- 
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solvent concentration is in a state of homogeneous con- 
centration or randomly or uniformly mixing irrespective 
of the systems. The result comes from the assumption that 
Goo/bo is constant. (See eq 3.) 

Extensive work on the polymer solution thermodynam- 
ics has been done by many authors theoretically and ex- 
~ e r i m e n t a l l y . ~ l - ~ ~  One of the central problems in the 
polymer solution thermodynamics is the concentration 
dependence of the x parameter since its first treatment 
by F1ory.l Flory derived x as a function of temperature, 
pressure, and concentration based on the corresponding 
states theory where the partition function for the mixture 
is expressed by 

Z m j x  = ZcombQ exp(-Eo/kT) (18) 

(19) 

where Zcomb is a combinatorial factor, Q is related to the 
total free volume available to the system, and E,  is the 
mean intermolecular energy of the system. The quantity 
AGcomb is equal to -?"Ascomb, while GR is the residual free 
energy arising from the equation of state part of the 
partition function, D exp(-Eo/kT). The chemical potential 
is given by 

( p o  - pOo)/RT = In a. = 
In (1 - 41) + (1 - r-%l + ( ( P O  - ~ o ~ ) ~ / R T 4 1 ~ ) 4 1 ~  (20) 

The x parameter is defined by the reduced residual 
chemical potential, 

(21) 

(22) 

On the other hand, Koningsveld and Kleintjens15 pro- 
posed the closed expression for x by taking into account 
the difference between the site or interacting surface 
fraction and the volume fraction based on the free enthalpy 
of mixing, Gfe, 

G d N R T  = 4o In 40 + C4pi-l In 4i + *(@I) (23) 

where mi is the chain length of polymer species i and 

W41) = g4041 (24) 

and the Gibbs free energy of mixing is given by 

AGmix = AGcomb + GR 

x = (Po - Poo)R/RT412 

x = x1 + x241 + X3412 + ' * '  

Expansion of x in powers of 41 leads to 

1 

where 

g = a + (Z - 2)(AwoP/RT)(1 - 2 41/~)-'  (25) 

The quantity Awop expresses the difference between the 
interaction free enthalpy of unlike neighbors and the ar- 
ithmetic mean of the values for identical neighbors and 
(Y is an empirical entropy correction of the form The 
interaction parameter x corresponding to eq 21 is given 
by 
x = k! - 40 (ag/a4i) = a + Po(1 - y ) / ( l  - ~ 4 1 ) ~  

where y corresponds to 212 and Po to (2 - 2)(Awop/RT). 
It is interesting to compare the equation for x by Flory 

and Koningsveld and Kleintjens with that derived in this 
work, which is expressed by using eq 8, 20, and 21  as 

x = {In Ao(P - 41)-8 - (1 - r-1)dl)/412 (274 

x = {ln A,(@ - 41)-B - 41)/4~~ r >> 1 (27b) 
If we use a condition that a,/+, approaches one in the limit 
of do - 1.0, the result A, = is obtained from eq 8. The 

(26) 

or 

I n(+o t p - 1 )  
2.1 0 2.15  

I 1 
1.5 41.0 

L 

I 
0.6 0.7 0 8  0.9 1.9 

00- 

In(% + P - 1  

Figure 3. In (ao/q+,) vs In (6, + @ - 1) plot for polystyrene-toluene 
(0, ref 26) at 60 "C with @ = 2.85 and poly(n-butyl acrylate)- 
toluene (A, ref 28) at 23.5 "c with @ = 9.00. 

creasing the solvent concentration. The clustering tend- 
ency of solvent molecule in solution indicates a state of 
inhomogeneous concentration or nonrandom mixing for 
polymer solutions. Values of Goo/bo for poor solvent sys- 
tems such as PS-cyclohexane and PIB-n-pentane are 
much larger than one, while those for PS-toluene and 
PNBA-toluene are almost zero, which indicates a state of 
homogeneous-like solution structure. 

Discussions 
It is interesting to compare the expression of a,/@, de- 

rived in this work based on the clustering theory and that 
of the Huggins-Miller-Guggenheim theory based on the 
lattice theory, which is expreessed for a system with neg- 
ligible polymer-solvent interaction by 

~o,/@o = 1/(1 - 2(1 - r-')(l - 4 0 ) / ~ ) 2 / ~  (14) 

where r is the ratio of molar volume of polymer to that of 
solvent, 4, is the volume fraction of solvent, and z is the 
coordination number in the lattice. It is convenient to 
rewrite eq 14 as 

(15) = (2/2(1 - r-1)p/2/{z/2(1 - r-l) - 1 + 40)2/2 

or 

uo /40  = CocO/(Co - 1 + 40)c0 r >> 1 (16) 

where C, is given by 

co = 2 / 2  (17) 
It is obvious that eq 16 is essentially equivalent with eq 
8 derived from the clustering function, which confirms the 
validity of the assumption of eq 3. The constant Co in eq 
16 is equal to 2 /2  and also to P in eq 8, although the 
physical meaning is quite different because ,6 is related to  
Goo/bo in eq 11. It is found from eq 11 that if P is very 
large, Goo/bo approaches zero, indicating no cluster tend- 
ency or random mixing and z >> 1. In the Flory-Huggins 
theory, it is assumed that the coordination number z is 
infinite and there is maximum flexibility of the polymer 
chain and also random mixing. One can say from these 
facts that the Flory-Huggins theory corresponds to the 
case of Goo/Do = 0 or /3 - 03, while the Huggins-Miller- 
Guggenheim theory for the case of Goo/uo # 0 or P is finite. 
It is also interesting to point out that the clustering 
function +,Goo/D0 approaches zero in the limit of 4, = 0, 
corresponding to a pure state of polymer. On the other 
hand, the polymer solution in the neighborhood of zero 



Macromolecules, Vol. 20, No. 11, 1987 Semiempirical Determination of Solution Structure 2933 

1.6 

Table I1 
Experimental Values of xI and xZ in the Poly(dimethylsi1oxane) Solutions37 and xi Calculated by Using Equation 30 

- 

system temp, O C  x 1 , O W  X2,oW x1,cal.d X2,calcd B 
PDMS-chlorobenzene 20 0.475 0.324 0.485 0.314 1.03 
PDMS-chlorobenzene 60 0.455 
PDMS-toluene 20 0.455 
PDMS-cyclohexane 20 0.409 

t 
1.2 1 

+? . i 

": 1 

I I 
0.41 J 

0.0 0.5 1.0 
9, 

Figure 4. Polymer-solvent interaction parameter x vs volume 
fraction of solvent in the polystyrene-cyclohexane system; (0) 
experimental data (ref 27); (a) x - calculated by eq 28 with 

= 1.10; (b) x - dl calculated by eq 26 with a = -0.1597, y = 
0.2365, and Po = Poo + Pol/T, where Boo = 0.4987, Pol = 111.74, 
and T = 307 K (34 "C). (See ref 15.) 

expression of x is given more simply by using the above 
result as 

x = -(@ In (1 - 4JP) + 411/4~' r >> 1 (28) 
where x is expressed by a single parameter, p. Typical 
values of x calculated by eq 28 for PS-cyclohexane are 
shown in Figure 4, in which values of x calculated by using 
eq 26 are also included. I t  is also interesting to find a 
relation between @ and x parameters over the moderately 
concentrated range 0.1 < < 0.3, where is much smaller 
than one. We also assume that the lattice theory is valid 
over the concentration range, except an extremely diluted 
concentration range. The function of x is given by using 
the Taylor expansion of eq 28 

x = (2@)-' 4- (3@2)-'~1 4- (4@3)-1412 + ... (29) 
From correspondence between eq 22 and 29, it is obtained 
that 

(30) 
It  is found experimentally that values of x1 = 0.50 and xz 
= 0.31 for polyisobutylene-benzene a t  24.5 "C (the 6 
point)31 and x1 = 0.50 and xz = 0.33 for PS-cyclohexane 
a t  34 "C (the 6 point),27 which agree with the prediction 
by eq 30 with /3 = 1.0. I t  is shown in Table I1 that a 
reasonable agreement between eq 30 and experimental 
values of x1 and xz is obtained in the poly(dimethy1- 
siloxane) solutions.37 

It  is also pointed out that the condition In A, = @ In @ 
is satisfied in the polymer solutions in this work within 

xi = ((i + I)@)-' (i = 1, 2, 3, etc.) 

0.319 0.472 0.297 1.06 
0.297 0.463 0.286 1.08 
0.169 0.382 0.194 1.31 

experimental error. (See Table I.) The value of Exi is 
evaluated from the value of x in the limit of 41 = 1.0 by 
using eq 28 and 

Cxi = -(@ In (1 - 8') + 1) (31) 

which are listed in Table I. It  is noteworthy that if @ 
approaches to one from a value larger than one, Goo/BO 
becomes infinite. (See eq 11.) 

It  is very interesting to refer to the theoretical works of 
the solution structure. FixmanIg pointed out that the 
properties of a random distribution of segments a t  high 
concentration are explained by the fact that the nonran- 
dom distribution of segments belonging to a single polymer 
molecule is precisely compensated by a deficiency of seg- 
ments belonging to other molecules and the deficiency 
approaches a constant value as the concentration is in- 
creased. HugginsZ0 also pointed out that the magnitude 
of the departure of the combinatorial entropy of solution 
from that calculated on the assumption of perfect ran- 
domness should be a function of the equilibrium constant 
K, which governs the relative total contact areas for the 
different types. According to the present analysis of ex- 
perimental data for the activity coefficient in polymer 
solutions, it is suggested that the structure of polymer 
solution is characterized by a solution of inhomogeneous 
concentration in most of the systems and the cluster of 
solvent in the solution becomes smaller with increasing 
polymer concentration and disappears at the limit of zero 
solvent concentration where the concentration is uniform 
and the system is in a state of random mixing. I t  is also 
found that the concentration dependence of the poly- 
mer-solvent interaction parameter is attributed to the 
clustering tendency of solvent p, and a large concentration 
dependence of x occurs a t  a small value of @. Essentially 
an equivalence between the equation of the Huggins- 
Miller-Guggenheim theory on the activity coefficient of 
solvent and that derived from the clustering theory by the 
Kirkwood-Buff-Zimm theory is also obtained in this work. 

toluene, 108-88-3; cyclohexane, 110-82-7; benzene, 71-43-2; pentane, 
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Ordered Packing Arrangements of Spherical Micelles of Diblock 
Copolymers in Two and Three Dimensions 
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Chris S. Henkee 
Polymer Science and Engineering Department, University of Massachusetts, Amherst, 
Massachusetts 01003. Received October 29, 1986 

ABSTRACT: Structural data are presented on the ordered arrangements of spherical micelles of diblock 
copolymers in two dimensions [transmission electron microscopy (TEM) of solution cast films containing a 
single layer of domains] and in three dimensions [TEM of microtomed sections and small-angle X-ray scattering 
(SAXS) from bulk samples]. The lattice type of the micelle cores in the two-dimensional thin film is hexagonal, 
and in the three-dimensional bulk state it is body centered cubic. A simple packing model that addresses 
the problem of uniform covering of the matrix space by the corona chains for a given lattice suggests that 
considerable interpenetration of neighboring micelle segmental density profiles occurs. The mode of packing 
is dictated by the optimal covering lattice that minimizes the unfavorable deformation of the matrix chains 
as they uniformly fill the matrix space. 

Introduction 
There have been numerous studies of the morphology 

and thermodynamics of block copolymers in the last two 
decades. The scale of microphase separation is typically 
hundreds of angstroms so that SAXS and TEM have 
proven to be useful techniques for structural investigations. 
Such studies established that under nearly equilibrium 
conditions, the microphase separation results in the for- 
mation of regular arrays of spheres, cylinders or lamellae, 
depending on the volume fractions of the components.’ 
Recently an additional morphology, that of the ordered 
bicontinuous double diamond structure, was discovered.2 

Theoretical statistical mechanical treatments of block 
copolymers have been primarily concerned with the loca- 
tion of the microphase transition and with elucidation of 
the ranges of the various sample morphologies (e.g., 
spheres, cylinders, lamellae) as a function of molecular 
weight and composition. In the compositional range for 
spherical microdomains (micelles), the treatments of 
Meier3 and Helfand and Wasserman4 both assume a priori 
FCC packing of spheres and proceed to calculate micelle 
core size and intermicelle distance as a function of block 
molecular weight and composition. Leibler’s6 approach 
utilizes fluctuation theory to  determine the symmetry of 
the microphase separated state at the onset of the tran- 
sition from the high-temperature homogeneous state. He 
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evaluated several possible lattice types for spherical do- 
mains (SC, BCC, FCC, and rhombohedral) and found that 
the BCC arrangement offered the lowest free energy. Ohta 
and Kawasaki’s recent calculations show that a BCC ar- 
rangement is only slightly more favored than FCC6. 

The best experimental evidence7p8 for the lattice type 
of block copolymer samples exhibiting a spherical micro- 
domain morphology strongly suggests a BCC arrangement 
does indeed occur, although there are a number of pub- 
lished reports of SC, FCC, and even orthorhombic ar- 
r angemen t~ .”~~  The data are of two kinds: (i) TEM of 
Os0,-stained sections wherein different symmetry pro- 
jections are identified and assigned to various (hkl) pro- 
jections and the relative interdomain spacings compared 
to the various lattice arrangements and (ii) SAXS of bulk 
samples where based on micelle core size from the position 
of the form factor peak and on the intermicelle separation 
from the position of the lower angle interference peaks, 
the volume fraction of domains is compared to the known 
volume fraction of the domain forming minority compo- 
nent. A critical issue on proper assignment of the lattice 
type is attainment of pseudoequilibrium conditions- 
evidenced by development of long-range order in the 
sample. In all cases the studies”13 suggesting non-BCC 
structures suffer from the lack of well-developed long-range 
order, and, for this reason, their assignment of a particular 
lattice type is highly suspect. 

In the course of our investigations on diblock co- 
polymers, we have encountered the ordering of spherical 
domains in bulk and in ultrathin films. As will be shown, 
the lattice structure of spherical microdomains in the bulk 
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